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From the eigenvalue equation (H0 + XV)\y/n (A)) = En (A) | y/„ ( /))  one can derive an autono­
mous system of first order differential equations for the eigenvalues En (A) and the matrix 
elements Vmn(X) = (ym(X) \ V\ i//n(X), where X is the independent variable. If the initial values 
En (X = 0) and y/n (A = 0) are known the differential equations can be solved. Thus one finds 
the “motion” of the energy levels En(X). Here we give two applications of this technique. Fur­
thermore we describe the connection with the stationary state perturbation theory. We also 
derive the equations of motion for the extended case H  = H0 + X\ Vt + X2 V2■ Finally we in­
vestigate the case where the Hamiltonian is given by a finite dimensional symmetric matrix 
and derive the energy dependent constants of motion. Several open questions are also discussed.

A basic problem in quantum mechanics and 

quantum field theory is the calculation of the spec­

trum for a given Hamiltonian operator. The Ham il­

tonian operator models the system under considera­

tion. Then from the knowledge of the spectrum we 

can calculate other physical quantities such as free 

energy, entropy etc. In general it is assumed that the 

Hamiltonian operator acts in a Hilbert space 

The exactly solvable models are very rare. Examples 

are the harmonic and displaced harmonic oscillator. 

More complicated examples are the quantum non­

linear Schrödinger equation and the XY-model in 

one dimension. Both can be solved with the help of 

the quantum inverse scattering approach. The equa­

tions of motion can be written in a Lax represen­

tation.

In almost all cases we are not able to calculate 

exactly the spectrum. Thus we are forced to deter­

mine approximatively to spectrum. In general two 

approaches are available. Since the (explicitly time- 

independent) Hamiltonian operator H  acts in a H il­

bert space we use the fact that a Hilbert space 

admits at least one basis, say | #„), n e I  (/ index 

set). It is assumed that the index set is countable. 

Then the matrix representation H mn = j H  

of the Hamiltonian operator H  is calculated. If  the 

Hamiltonian operator H  admits symmetries then 

the underlying Hilbert space W  has to be decom-
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posed into invariant subspaces. From the matrix 

representation we calculate in general with the help 

of a computer program the spectrum.

In many cases we have to deal with an infinite 

matrix (for example if Bose operators enter the 

Hamiltonian operator). Then we have to truncate 

the infinite matrix in order to perform a computer 

calculation. However, even if we have a finite di­

mensional system such as spin-2 systems with N 

lattice points the matrix must be truncate if N  is 

large since dim 2? = 2 N.

In the second approach it is assumed that the 

Hamiltonian operator H  can be written in the form 

Ht — Hq -\~ aV where H 0 is the unperturbed 

Hamiltonian operator, V is the perturbation (or 

interaction) and A is the real coupling constant. 

Then we can apply stationary state perturbation 

theory. Here it is assumed that the hermitian 

operators H 0 and V are time-independent. Further­

more it is assumed that the spectra of H 0 and H 2 are 

discrete and bounded from below. If  the Hamilton­

ian H; admits symmetries then the underlying 

Hilbert space has to be decomposed into invariant 

subspaces so that the eigenvalues are non-degenerate 

in these subspaces. It is assumed that there are no 

accidential degeneries. Let £„(0) and |y/„(0)) be 

the energy eigenvalues and (normalized) eigen­

functions of the unperturbed Hamiltonian operator 

H0, respectively. Since we have assumed the eigen­

values of H q are non-degenerate we find in first 

order approximation of perturbation theory

e „ (;.) *  E„ (0) + x ( Vn (0) I V I v, (0)>, ( 1)
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where (  )  denotes the scalar product in the under­

lying Hilbert space. In second order of approxi­

mation we obtain

En ('0 ~ En (0) + k (y/n (0 ) V y/„ (0 ))

(+*)£* (0) - Em(0)
(2)

Recently Pechukas [1] and Yukawa [2, 3] discussed 

the “motion of energy levels £„(A)” where k plays 

the role of the time. Using the orthogonality 

relation (y/„(k) | y/m(A)) = &nm-> the completeness 

relation 1 = Ln y /„(x))(*//„(/) and the assumptions 

described above, these authors derived the follow­

ing autonomous system of first order ordinary 

differential equations:

dEn d p„ v
= Pn, -TT= 2 2.

mn r nm

dk d /
(3)

m(4= n) L-n

dVu r mn _ ^

d k  k (*m ,n )

where

Vmk Vkn + ■
E„ - Ei

Kn(Pm-Pn)

Em ~ E„
(m + n) ,

Pn (A) :=  (Vn(A) v  i//„ (/)> and 

Vmn{X)'=(Vm())\V\ytn{k)') (n =t= m)

with Vnm= Vmn. Here we have also assumed that 

the eigenfunctions are real orthonormal.

Pechukas [1] and Yukawa [2, 3] discussed the 

dynamical system (3) in connection with quantum 

chaos (compare [4] and references therein). More­

over, Yukawa [3] showed that the system (3) admits 

a Lax representation and is completely integrable.

The purpose of the present paper is fourfold. 

First of all we give two applications. Secondly we 

describe the connection with the stationary state 

perturbation theory. Then we consider the extended 

case H  = H0 + Vx + A2 V2. Finally we investigate 

the case where the Hamiltonian H  is given by a 

finite dimensional symmetric matrix and derive the 

energy dependent constants of motion. Several open 

questions are also discussed.

In our first example the (scaled) Hamiltonian 

operator H  is given by the matrix representation

H = (4)

where X is a real parameter (0 ^  k < oo). The 

operator H  does not admit any symmetry. We put 

H0 = d iag(1, 2, 3, 4) where d iag (...)  denotes that 

Hq is a diagonal matrix. Obviously the eigenvalues 

of H0 are given by E0 =  1, E\ = 2, E2 =  3 and E3 = 4. 

The eigenfunctions are the standard basis in IR4, 

namely ^ 0(0)> = (1, 0 , 0 , 0) r, ..., | |p3(0»  = (0 ,0 ,0 , l ) r 

(T means transpose). In order to solve the dynamical 

system (3) where N  = 4 we have to determine the 

initial conditions. Since

V =

0 1 0  0 

1 0  2 0 
0 2 0 1 
0 0 1 0

(5)

we obtain p0(0) = <y/0(0) V ^o(0)) = 0. Analogous­

ly, we find p\(0) = p2(0) =/?3(0) = 0. Furthermore 

^io(0) = <^i(0) V >o(0)> = 1. Analogously, K20(0) 

= 0, V21 (0) = 2, K30(0) = 0, K31 (0) = 0, F32(0 )= 1 . 

Integrating the dynamical system (3) with these 

initial data we Find that E0(k) and E x(k) become 

smaller with increasing k and E2{k) and £ 3(A) 

become larger with increasing k. Furthermore the 

distances between adjacent levels become larger. 

This is called level repulsion. Notice that we have 

the constant of motion E0(k) + Ex(k) + E2(k) 

+ E3(k) = C with C =  10 = £ 0(0) + £ i(0 ) + £ 2(0) 

+ £ 3(0) or 10 = T r//, where Tr(.) denotes the 

trace. Obviously the problem described above can 

also be solved by calculating the eigenvalues directly 

for different / ’s. The present method has the advan­

tages that for all Hamiltonian operators we have the 

same equations of motion (3). Only the initial 

values must be changed for different systems.

In our second example we consider the Hamil­

tonian operator

H  = -
2 0 x 2 2 dy2 2

where 0 ^  k < oo. The spectrum of H  is discrete 

and bounded from below. This system has also been 

studied by Pullen and Edmonds [5]. Obviously we 

put

i a2 l e2 l

2 0 .x2 2 dy

Thus H0 describes two uncoupled harmonic oscilla­

tors. The underlying Hilbert space is L 2 (IR2). The
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normalized eigenfunctions for the operator H0 are

un,«,(x,y) = ”*+n*„x\ ny\yn Hn^

• exp (- x 2/ 2 )  H„v(y) exp(->’2/2 ) , (8)

where H„x(x) and H„v(y) are Hermite polynomials. 

The full symmetry goup of the Hamiltonian H  and 

H0 is the C4v point group. Then the basis functions 

we have chosen are linear combinations of the 

eigenfunctions given by (8) and transform according 

to the irreducible representation of C 4v. For each 

invariant subspace we have solved system (3) 

together with the initial data. Since we know the 

eigenfunctions and eigenvalues for the two un­

coupled harmonic oscillators (7) we can easily find 

the initial data. Since the system has infinitely many 

energy levels we are forced to truncate the infinite 

system to a finite system. According to this trunca­

tion it is obvious that the higher lying energy levels 

are not accurate enough. Only the lower lying levels 

can be taken into account. Again we find level 

repulsion in the range 0 ^ A < y .  Our results 

coincide with those of Pullen and Edmonds [5]. 

They calculated the eigenvalues by diagonalizing 

truncated matrices of order 300.

Let us now discuss the connection with stationary 

state perturbation theory. The dynamical system (3) 

is an autonomous system of first order ordinary 

differential equations. Consequently the correspond­

ing vector field is given by

N rl N
s =  Z P .— + 2 X

n =  0 

N

+ Z

a e .

N

z  ■
L m(*n)

V V

E„ - E„

m, n 
m + n

N

Z v „ k vkn
k (=t= m, n)

1

_0_

ÜPn

1

Em- E k En- E k

'e0(a) > o

En{a) En

Pi W Pi

= exp (AS)

PnV) Pn

V M yoi

Vn-\ at (A) Vn-\n

Since exp (AS) =  1 + AS + A2S2/2! + ... we find (1) 

to first order in A. Including second order terms we 

obtain (2).

Let us now discuss the open questions. For an 

autonomous system of first order differential 

equations dx/dA = S(x) (S: analytic function, 

x  =  ( ^ j , . . . ,  x n ) t ) the general solution of the initial 

value problem is given by x(A) = exp (AS) *  I*->*(()) 

for sufficiently small A. If the vector field S is linear 

then the Lie series solution holds for 0 ^  A <  oo. On 

the other hand, if  the system is nonlinear (such as 

system (3)) then the Lie series solution holds only 

for sufficiently small A in general (even if the 

solution exists for 0 ^  A <  oo). Then the Lie series 

technique must be combined with analytic con­

tinuation. It is an open question to estimate the 

convergence radius of the Lie series (10). The 

situation becomes even more complicated when the 

number of energy levels is infinite. This case appears 

when we study Bose systems. Thus we have to deal 

with infinite vector fields. Thus far we have assumed 

that (in the invariant subspace) the eigenvalues are 

non-degenerate. The question is: How must we 

modify system (3) in order to include accidental 

degeneracies? It can also happen that the eigen­

values of H0 are non-degenerate. However with 

increasing coupling strength A we obtain level cross­

ing of certain adjacent levels. Such a case has been 

described by Steeb et al. [7], Since system ( 1) 

includes terms of the form (Em — En)~] on the right 

hand side it seems that we can integrate system ( 1)

VmniPm-Pn)

Em — E„ d K
(9)

where we have assumed for the time being that the 

system is finite (i.e. the number of eigenvalues is 

finite). E0(A) denotes the smallest eigenvalue. From 

the theory of Lie series [6] we know that the general 

solution of the initial value problem is given by

(10)

E0 -  £o(0)

Vk- i s ~* Kv-lv(O).

only in the range 0 ^  A <  Ac where Ac denotes the 

crossing point. In many systems we have two or more 

external parameters. Let us consider the case with 

two external parameters. This means the Ham il­

tonian is of the form H = H 0 + A, V\ + A2 V2. Let 

A = (A,, A2).

Defining

PknW ■= <^«(A) | Vk | y/n(A)) and 

Vkmn(X) '■= (.VmW Vk\ ^n(A)),



822 W.-H. Steeb and A. J. van Tonder • Quantum Mechanics and a Completely Integrable Dynamical System

where k =  1 ,2  we obtain the following system of 

partial differential equations

^ E n _ ^ P k n  _  2  y  Vkmn ^knm

3,1* ’ 3 4 “

P̂\n v  V\nm ŷ2mn ^\mn

0 /
= z -

2 m(4=/i)
(11)

^Pln _  ^  ^2nm ^   ̂lnm ^2mn

0^1 m(+n)

0 /
—  = Z

1 1
+ '

Em ~ E, En- E,

Vkmn (Pkm Pkn)
+ -

E„ - E„

dV,

ÖA
Z  ( ^ 2m/ ^l/n + ^1 m/ ^2/n)

2 /(+m, n)

Em - E l En- E, Em - E„

^V2m„
- Z  ( ^lm/ ^2/n + ^2m/ ^l/n)

5/l /(=t=m, «)

1 _j_____1 \ V\mn(P2n P\m)

Em - E, En- E, Em ~ En

where k = 1,2. This system of partial differential 

equations can be solved with the help of ansatz 

(power series)

£ „ ( / . ) =  Z  EjI'a/ 4 ,  pn(A)= X  PjkM 4 -  (12) 
j ,k=0  j , k = 0

We find in second order of approximation 

En (/) , Ä2) ~ £„ (0, 0) + £10 /) + £ 0” ^2 (13)

+ E&k\ + E h kx k2 + E & ti,

where

E\o= Pi(0, 0), E$\ = (0, 0),

^lm«(0 , 0 ) Klw„(0 , 0 )

ff», £ , ( 0 , 0 ) - £ m(0 , 0 ) ’
(14)

E&= Z
^ » ( 0 , 0 ) F2m„(0 , 0 )

£"1 =  Z

(+„) £ „ (0 , 0 ) - £ m(0 , 0 ) 

2 Flm„(0 , 0 ) F2mM(0 , 0 )

+»1 £ „ (0 , 0 ) - £ m(0 , 0 )

The extension to n external parameters is straight­

forward. For two and more external parameters we 

must take into account the theorem of Wigner and 

von Neumann which was discovered in the very 

earliest days of quantum mechanics almost 60 years 

ago [8]. The theorem says that, among all self- 

adjoint Hermitian matrices, those with a degenerate 

eigenvalue have co-dimension three. When one has 

time-reversal invariance, as one does in the present 

case, one should be looking at real symmetric 

matrices, in which case the corresponding theorems 

says that they have co-dimension two. This is 

usually interpreted as saying that it requires at least 

two external parameters before one can expect any 

kind of eigenvalue crossing unless there is some 

symmetry reason that prevents the avoided crossings 

as the parameter is varied. This fact must be taken 

into account when we solve the system of partial 

differential equations given above.

Finally let us derive the energy dependent con­

stants of motion for the Hamiltonian operator

H =

fl 1 ] ^-̂ 12 /<213 ... AflijV' 

/M\2 a 22 AÜ21 . . .  Ä a2N

k a u  / M 23 Ö33 . . .  /Ö 3 A T (15)

\Aa]N Äa2N / 03; a NN

where anm e IR (n,m =  1 ,..., N) and A is a real 

parameter.

Consequently H  is a symmetric matrix. We 

assume further that the flmm’s (m =\ ,...,N ) are 

pairwise distinct. Obviously we put

H q =  diag ( a n , ,  aNN) .

Therefore the eigenvalues of H0 are not degenerate. 

The potential Kis given by

0 a12 a 13 ... a]N

ü\2 0  a 23 • • •  a 2N

V =  I a \3 a 23 0  • • •  a 3N I •

a \N a 2N a3N 0

(16)

In the following we give the energy dependent con­

stants of motion for system (3), where the Ham il­

tonian is given by (15).

By inspection we find that

Z  Pm =  const (17)
m(=¥n)
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is a constant of motion. Since H0 = d iag(fln ,..., aNN) 

we find that E\ = au , E N = aNN are the eigen­

values of H0. The corresponding eigenfunctions are 

the standard basis of R v, namely (//](/. = 0 )) 

= ( 1, 0 , . . . , 0 )T, | ^ ( / .  =  0 )> =  (0 , . . . , 0 , 1)T 

(T means transpose). Consequently

Pm (A = 0) = <V̂m (A =  0) I V\ l//m (A =  0)> =  0 (18)

for m = 1, N. Since

d N N 
"TT- Z  E m =  Z  Pm =  0 
dA w = i

(19)
m = 1

we find that E x + E2 + ... + EN= const is a constant 

of motion. Consequently the initial data for system

(3) are given by

Em (A = 0) = amm, Pm (A =  0) = 0

and

Knn (A 0 ) (w <  w).

Let us now derive the constants of motion which 

only depend on E. This derivation also includes ex­

plicitly A-dependent constants of motion. The eigen­

values of H  are determined by det ( £ /  — / / )  = 0, 

where I  denotes the N xN  unit matrix. Now this 

equation can be written as

det (E l — H ) = E N + hN_\ E N~l + hN_2 E N~2

+ ... + A0 = 0, (20)
where

N

hN_ x =  - tr (HBN_ l) = - lr  (//) = - Z  amm,
m = 1

^n-2 =  T" tr {H Bn_ 2),

i 1 (21)
Ä1 :f t r ( / /5 ,) ,

1

with

A0 = - - t r ( / / 5 0)

^yv-i =  A

B n-i = hw- 1 I  + H  B ff-i, 

Bn _ 3 = Aat_2 /  + H B n^2i (22)

= h2I-\~HB2,

5 0 = /?,/ + / / £ , .

On the other hand we know that there exists an 

orthogonal matrix 0  such that H = O t H O  with 

// = d ia g ( £ i , . . . ,  En). From det (E I — H ) = 0 we

obtain

det (E I- H )

=  E N + /?v_, £ * " '  + Av _ 2  / ? " ~ 2 + . . .  + h0 = 0, (23) 

where
N

hft- I — — Z  5
m = 1 

N

hs-2= Z  £ /*£* ,
! m<n

h  = (~1)A E xE2... En . 

From matrix theory we know that

hN-] = hw-1, 

hN-2— hx-2,

(24)

(25)

h0 = h 0.

From (25) we find the constant of motion given by 

(19). The coefficient hN-\ does not depend on A. 

However each of the other coefficients hN_2, ■ ■ ■, ho 

may depend on A. The coefficients hN_ 2,..., h0, 

which are polynomials in A, can be written as hm = 

hcm + hm, where h„ is the A independent part and 

h„ is the A dependent part. Consequently we find 

the constants of motion

hm~h}n = hcm

with m = N  — 2 , . . . ,  0. 

As an example, let

H =

(26)

(27)

Then the eigenvalues equation det (E I — H) = 0 

yields

E 4 — 10 £ 3 + (35 — 6 A2) £ 2 (28)

+ (- 50 + 30 A2) E + 24 - 20 A2 + A4 = 0.

Consequently we obtain the constants of motion

4

l £ „ ( A )  =  10 ,
m = 1

Z  En (A) Em (A) + 6 A2 = 35,'

Z  En (A) Em (A) Ek (A) + 30 A2 = 50,
n < m < k

£ , (A) E2 (A) E3 (A) £4  (A) + 30 A2 -  A4 =  24.

(29)
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